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NONSl'AN;ADlP5k1H' ; IN

Mark Mariccci ;md( DI) il' I
V ir-g inlia PuI VteCLln iC 11 ~ittute

anid Statle Un 1i trsit v

0. ABST1RACT

Ill es-tima Li g tile coeffIi cient (if anl eluIocnotns var jabl :11 n1 sinle

equation ot ai system of l inear eqjuations , Andthrson and Sawa (1973)

pressed the disLIribUt ion (It the tkw1-ta,7oL (e- -;uat (5.5 il.1it7(r

as ;, tlouii1 v noncen t ia I V di sir ibut ion. Ve rel ixa* the i r zissumpt ion of i n-

depenC~dent (a'usi;l an irors , taking inst;eadI a sC;J Ic ixtnrt. of pni c

Galiss ian laws 1ll a cl1ass conta ining t1v sp~hor 1cal1 a;t ib Ic itIbtea

b1 e reslt i ng d ist I ibut ion ot t-Lhe TSIS es t im! t ) r iA a; i xture o f dub I %

nioen t ra I F d is t ri hu t ioens mi xed over tihe non 1C in t ra I i Lv pai ranL' t ClrS' , :111d

fo r sui tablIe mi xtures the no rila i- tliorv d istLr i bu t i on i s robus t . foutI

ions reported for contaiminaited sphlerical Gauss ian and sphericail (:>nchv

or ror:; ajrc coimpa red'.i tilL standard case.

I . NTIRO 0D t 1CT 1 ON

Va r iotis p ro(, odures have been advoca ted for estL lanat ing the( Croe fijoints,

ill simul 1taneo12us svstLeis oif linear equat ions. Arguments sup~port iiig tLIw-;(e

procedures of ten appealI to asvmipt o tick proper- i s of tilie es t iia tors;

jlract toe, IloWever-, Lii' i r sium i -sauujle proper> los are o'L inltere'St as WL-I I

A recent survt'v of aippl icabl e sina I -sample di isLribut ioni theory was under-

t a kC1i by Marilano (1 980) . One techini que inl W i de usage is two-L st A,,
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spherical error distributions; mixtures of distributions; ruObnIsLInSS.
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lea'st-SqIuares (T1,S.) e'Stimllein underL-1 IIe st ;111-1 1-icg ill tit e rirs

of Ltle miode .Iare inde pendent , ident jell, I I . d iSt ?_i'I IIt L' ( !II ~ i .111

va rialIes . tilldL r ths I a SC SSUMpI ionis Arui-,lr l ;111d Sa (I i) ,, N9) d hr i V-(!

.a1d later LZabul tdtl thet e.Xflt (115 r ibut i on i!tie IW I 1 1 1 :1it lr fIrI t I I

eCO f f i C ent o f anI enidcgenoiS 11r l -4b i ia It''. IC C(I eij , t i n 1 s

sv stem. Ra (18)Stud ieLd Of f ect s (ifit) I I-(:,IIc-s ia ;I Iii> i .liIrol

UstL imat) ors , inc lud ing thle TSI.S es t pinatI-r, uing MontLe (,aIrIo 1,,,11,ids 1"

dat1Le , hlowe ve r, a11.1 V t i ca;Il inlve-,t i gajt ins o f Llte d i str ibutI i ons; 'f I S I 1

est ima tors appear to haIVe been1 C-onf ineid to the st andaird case.( I i id(

GaIus.sianl errors .

In llhi paperVI WO studyILI the1 e'Xact d istrihut ion 01' the TS).5 es;tjr)at or

to r t he k ot fi I.ien t o f an ei-idcogenoiis v.aIr j ab Ie. i it a s inigeI equIa t (ion underC

nionlstanda rd assunp t ions , replIac ig nocruca I i t v w ith 1) n er ro r d i st Ir ilcu t ionl

i n thle c I ass of sca le mixt ures of Sph1C I- cL C.raoCISS iail Laws, (c I . Ke I k t-

1.1970), f rI examp ILe) . our reasons f or ('ens ide10rin 1 1 1 i SCla;1-S fo 0 1OW .

(i lieginn ing w i t I Mandeib1)ro t ( 1960 , Il(h 3, 196 9), in f ini1teL-var iance.L

(I IstL r i bu t i ons- intclIud ing t: lie s table la ws hiave bcen used to mipode I ci in cml

varabe IIh i;)1._ LC11Is S t irk p 1)r ices ; Cr. alzIso F.ant1 ( 19)5 Mf,>cCllc;I o ( IK,

Pri-ss ( 19 7 5) and :;amue'Il ( 19 76). 'I'lle c I ass consideICred betL CollI i 11

t let s pher icalI s tabl)1e la ws and o the1r heaZvy- ta i li d( i St 1- itut ions whMoe

ma rg i nn I s f igure p) ronc inen L IV in thle we rk ci1t: ed .

( i i) the dI Lst r i hut ions o f A\nde rson anid S.iwa ( 19 7 3,19 79) gi ve app rix i

ma~it i ons in thL e case o f inin-ta.'USs;ia error a'_I0I Itt ItCtd to0 tile (d.;auss in Ila tw

undier cond it ions for cent ral lmit thbeery . 'Ilie, present study vie Ids

approximat ions in thle case of errors not haingil , Second moments whiose d i-

tributions are attracted to a Spherical stable law.

(iii) tour approach admits a Bayesian vie(w ill Which the dIistribut ions

s tud i ed ! are pos terI-ioIr d is tribu t ions o f th It S I S e"stLi1Mators, te e7r rs



hic i ug4 coiid i L jona I IV liid GaIuss i an vi! h1 al srI c !'.r a' jti "? t .I'Iil I),, hid Lv hle

I-0;a I i I~t innI Of ai random, cnvi ronment

iv) Vile oriinarv IleaISt-squa Ires, et-, multteI , i a 'ir.1 I Ii 11ie'i r mod'.( I

l 1r0 knlown to0 ret d if)C cr t ; in o p t i ma- )p row rt i~udIL' r S Iiic r i: L cAILrc I- I tI I

and w it hou t inoneTt S- ( c I Ien sen ( 11)79)

(v) Fo r ,r-it i caII lnear SYSts LIs t At i St CI I ('OTit 1I i~ 1,11-t M1 V L

Jei Vid for L' 1 1101i t 0ri 11 the , . L; sta [ih k) al I>vIt ructLii rai Ic I-I-t i hase;Ld Oin

;acLSS ia eI -r ror 1-re) ss and t he 0si 1 .\ilrrsen mciO ;11(1a),Wa (I1 3). jlb

,-; 'i t It1I\ l Iays t )I( f ouiicbit iln ' firl- d'%L li~' 1W 511(11 S pIIIjOC'cluIi5- i1 ( lit

ii ; seaCt i 10 mixt urecs o f s 1 1ltcr i i, IGaIu ss I o1 prcIaL S (c f. Hlartman md V Wiutnor.t

()OuIr programl Of st cxdV fo 0 low 10W Inl Scc t 1 O 2 WL I demns rat eunlder -c a I e'

MiNtures that the d istr ihution of the 'lSLS cs t ima ter is al mixture of dcmh lv

nonea''It ra 1 F dist ri hutions mixed over their ilonc'eil ra I i ty param~leters. FV -

detuce is given suppcirt ing the view that normalI -LheIo rv ci st r ibui o n,, are,

roilust. tor certain nixtures . I n Sec t in 3 se I uc t ed luercentL i Ie oS0f tIL! ISIS

c, tLima ztor are lirCSen ted for con tamniated sphe r ical Gauss ian and SphericalI

Ca n liv', errors, and t hese aire compared w ith tIle standard di st rihut lens.

2 . NONSTANDhARD Dl1 SIRI li!Il I ()NS

cet (rxs) he aI matrix of order (rxs) ; denote by L (') =N r M,) I\)

that Z(rys) is aI randolim Gaussian mnatrix with expectat ion E(Z) M, the

r( 'ws of Z. he i g i nclepefiLclnt with the Sa'me' d 1 s])er-,ionl mat rix 7.(ss);Ind

let G (M,L xl') he a scale mixture of the Gaussian laws {N (M,T-(h <F));,r,s -rr,s - r-r

(0 ,,-) Iwhose lprohabi ii y density funct ion (pd f) has the rep~resenlt a Lionl

-rs/2 - 2,1r/2 -l1
g(Y) (21 IT exp[-tr(Y-M) (Y-M)P /2T ]d(( (2. 1)

wit, (() a mixing distribution on (0,c-). Further let ,\ (v,X) he the



cI 1-s (Iuarv d d is tr Lut ion hI iv ing vdvirccs of I~~~i an(011IId L II L iLc'I It r.i I It

IM r; IMet Cr A , and J c t i, r , ) hiL' t hI I iidllh I v n I cII L , I i i it in

w ith numme rator pclraie ers (r, an d (I '1011intI (t p)lraitilti (t C

Foi lo w ing AndCTsI' As n ~ d Sawa17; ( 1973) ' ;jj a iiiugIi it fIi~ tIll.I I

-(qlat ion of tile tv'hc

V = f' + 7. 4 (

Where V a Lnd v. itre cuo hmms o IIIC )- L ' >;i'i1ii IC itX Yx '(1'2) 1 K )i>

,I .=tl t ri x o f r;Iiik K I n ~i ll), ofg 1,110Iisi ''etiuis Vt11

is A %1CCtur 1)t IM IIii tI' rs ii ;11, 1 1 I ) i s 1 -,I d Ii C I- iV'CCL o r 1 U t tIlt Lit-

c'(IIuIl t i k (:l.l M~ t I L1- 0 1 sst. 011 ' I I1:1i ull WIiH lt I-,id whi itii i

1-11 CI U- IL i I1.n , Ir' (] I'Cl:;('11it id h)r

whe .X (7 7 is a matrix of order (Tx K)I it! I--anIIk K TI

v; I ii ,~ ' ;1 1 1 ( K> 2) i S Z Mat Lri I i reduc F e d(1 C( ' roi I ll1FIlliL't e rs 1i;irt. I,

[2: 2]
con t o rum 1) 1 y w i til 7. ; and V (lx 2) is a inat rix of raindomli d ist nrhan CL-. i t is

aIssuimed thait ( -i )is of unit rink and th"l t i IT 0. \ndc'rson and Saw.)~21 '122

(19 73) StLud I Cd Lth1e k-clI a ss e stLima to rs C, for !.in (2 .2) Under thle assumptIjLioni

thamt L (V) N 0, Is w ith 1 1 a (2 -2) matr ix.

TjO fj id the d 1st r ihut ion of the 'iSLS ut iimat or for f3 under scn I e mi x-

tunres of spherical Gaussian laws, we p roceed as in Ande rson and SaIwa (1 973,

1 979) al ter cond it ion ing on thle mixing pa rame te'r. The ir reduc tion to aI

canon ical for nut nd several subsequen t trans format i oins are val id. cond it- I uii-

Ally, for scaC le ixtures. Thus sta"rting with expression (2.7) Of Anderson



anld Sawa (1979), we obt iln the fol low i ', M Ii tr, ri'r,.!;,.nt it ion fl t ht

C ltive (I is tr but i on ftnit ion (~l f ) , to tlt, ';t, mu rd i ;'d .I .; t i lor

1) f 0 1- , IAi1t Ny

0

( ) f (w ( ' ' - dw w l), :( -)

() , ( : ) -- "

w-ild. re.

( il L Ij. f Ff n L' -tItimi- (k L) i ndl (2.8) A .'ilOi4,5ll2

:111d =mwm (1979) wih 2,. , + Ind witl

z -Z, z × Z (.. ;

is ;a no cicltratl i Ly plar , it er;

(ii) w and w2 are random, vectors of ordr (1K 2) such thit L(wi,{"

Ik, 1 I .K and K2  = K - K1 ;

2 2
(iii) A(x) {(w ,w2)ww/ww (r)I wi ith '(r) I + 2r(r +1): +

2r, where
') 1.

r = . + :K( 14" ) '/x2 (2. )

22(- 12 / 2 2 )/fJ (2.7

az; i l expressions (2. 10) and (2.9), resTcC t Vl I, of Anderson and Sawa

(197Q) ; and

(iv) (;(r) is a mixing cdf on (0,,").

It follows directly that

L(ww l/w 2'r)= F(K 2 ,K 2 , 1 (r) ,X 2 ( - )) (2.)

where A I(T) and X2 (r) are the noncentrality parameters given at expressions

(2.11) and (2.12) of Anderson and Sawa (1979) with 6 replaced by 6/ in their

expressions (2.10) - (2.12). From our expression (2.8) it is seen that the



coihi i t i oni in ', va r iWi I o nt c rs t lit Lii'iib I v ilT' tI It ri: I I d i iit ion ('111y

t I Ir u 0, 1 i ts 1101ne~ t 1-'ir I i t V 1), rime11 t e rs I)' till C 011 t i ,I dI I t

s;ta.i&Jr(Ii Zed ; 1 S es t imlattir t hu-,s ii ir 0 ~ilVul~t r F d i.;

t r ibut ions lin \0 ''dO~rr tihe r noneLen t ra I it V r~ FIILin t Cr-

I t is, clIeair I ro re it mrks (II page 704 oIi Ande rson aInd Sr~i 9 )7 I

pa ra I I CeI resulIts -CInI be 01)t a i Ined forI t lie or I-( iiii rv 1 eastsni L

eus ti mt o ,r 1) 1 Coi r re-,p'nd i ng t o (2.9) We hVe

( ) x) =fI(w , Wr dG (2.1 lo)

iwwwWw) =F(T- K V'- K- ) ().(.

Iii. ol0 (1 if1 f-CI~e e biL Wi'e (2.9) an1d (.10) i S i nube LiC III11) 1 dit'lrei(.s

'ii l ii. ibl I v 11)Iii ne I-;] I F di i i u i .I

"N tone 0 id)0 Lili- s sectionl Wit Ia britef look ait the L' ss ib i)1t rob)u s t ness

o I lie n1o rilia I - L 1ti k i-V d is t- L i b)u1t i oni o f L II., TSLS c f i i;, i t or I.-; lu t or ri o is

t rihbut ions arits ini , as -stalIe mixtures (,f speI i leaI I auitss LaniI is A I kl or.s;oI I

andl S:iw'.i ( 1979) prIovided tables fur Uii.'d df of t IeI( s tandat,1r d i z'd I S1.S i.s Li I;Ii -

tor inl terms Li t he de(-Irees of f r-eed0om (K,,) ind Liii. j)I1;iiuutrs iand ' e-

f ined in (2.7) aind (2. 3) . Te values, of iK anti an.'r invari Liit udrtit',

ui. ch ng i u iii th li urrors, "I. ri . 6 / I . t iiis L'tkiI ti I

the sLEind~ardiz.d 'FSIS o.st imItOr U~ntder :;tale isixtilrt's of Gmai Liii errors- is,

a we i g t ed ;i vu rasio of thle no rnialI- tiieo rv i.d f Co tr respontd iii n." Idi if IeCven1t

v I Ui.'s o f 6 .

A lierusil I o f thle tah Les of Anderson and Saiwa (1 t7L) siiL' tha t lit.

L;tandardi1zed ed f o f ten rema ins faitir ly s tab Io c OV r 1 W i dIC raiigi' oif val I Ites o I



N1ix tutrcs over these ranges aiccord i ug v '-Id

d is t r- i hu t jeuis for wh'ich'l t he nio ril 1-t honorx. d ist rib hit i '1

is robust. T Ii US lt It Lte, C 0 11 c r th tnI-L' t ii. tf l 11 itI

- 't 01 1) tl i ut iil F t 11C i no-aji ir t ie im IifS i 111j t I 1 . !

t IWO r\' ii f CO I- ( I -Lr 11011ui(i i ll' ti 0 / 1 (1 ) WO ii %"Io l

wh1eli 'I 1. tSelio'tul puoir - of t let jc ;iltLii1'C (IF Wr I' lst<1 1

1 3 , I * and i' . .( ) * ' W. . illK' tlL' t,1 I ,'- Ot i

.*\ic rsoij .Inid S;Iis 119 9) tht' result I ici'i Ln Bibl ;.1 rr [)dI

ii IJabt I L- 2 .2 1, r K,, 10. A comparIl isn ,tI t !I inorl-t I - eorY dii -t I- i Lt i!

Is - ai p 1 ri'S-: ini m tI i (n.- 0 t. ILe d istL r i hu t i ins uill(] IIx t uiris cim I i rrm Ith rid)

I f th IWFormer undel('r Ccr t i n typeCS of Iixtur-es11-

I [I the tol Ilowin 5i(t !ifl we undecrtaIke al 1,roa der St .dy of the. (I i st 1 !1it i'm

t' Standad Ld I-C .'1 S c -st imiat or undeCr Vr Iou I-ek, rror (list ri hint i wlns

I i i rdI-ti ou c olilltu U tL h Cd f of te lit, uf i Zed~ I St.. i t i .LtF trislil

V;arI L S11 ChijCC-5 f 0r Ih C mIIix ia 1- ,( i St r i ut io f. 0 1 10 we f I lo t Ii 1uc u 171-

111r to the one0 sketelIId aIt tihe end (it theL preueC(d ilg Sect ion. Fi r st I

C ~II f ixu dvaIILue' o FL1, III mi Xingk pa ra mter I ti edt f ttIne doiju I v nuckut ril I

( i stL r ibu)1t ju io co1 iiputed us ing the :I I gor t Iim sugestd by Auderso an,'ilIld

Saiw, ( 1979) . Hit- resultL ing values of Ljtese edIf 's aire then mi :.ed oiver t1e

rle vanllt VA [Ie oIS0f ( acord i ng t o G(t li ) i roet-dure i Sstra- ligh11t f orwa rd

whenl ( T) is discrete. F~or continuous Ml s:tures the( Cd f C (T ) is diSC ret ized

aIt t lie. second step on partitioning (0,-) into intervalIs, assigning the prIOh-

ili ies to mid-points of these intervals, and proceedling as for the d i--

Crcete c;lsc. This procedure is expected to give good apprux imi It ion!; to OLe



,Ietual distrihut imis Idicit thtl I~ iic i ;lt i'Ili lit i I' sluj t i ilit I

J 1(1 t 101 ni I rI V1) Sti V i Q C IItl i 11~;i5 t d i ' 1,1 1 i-Yi I I P iv i .t I n' II Iu

CII I I v LlIil, Ir t Vi' I 1t I ' ro ta III I l x -)s o I :iii:- I I ;I rI t 1ni7

P( 10) 0 0.5 lIW 2 k-1 o se n io it ion wk' I ~)~0.' I)

0. 7) 1 n1d Ti-p cii1.11 iii 11:1t i on :lsjin riobha i I i t i cs t' i ,2 .

( o >. o5 o0. , i I

(it TI- I. hos discrete mixttlrts po'no di f f icil Lv ill ( 1w

Fthe S ph c ric; IlI(; t( cacj I:-ror -Iaw is: 1'-, i Il'nS io a 01:1 siII' i I I ll(

di ij t r-ihut ion havin tilt it: degree of f rekdom ; 'nm I t ivalr iat St'4udcli t I' - rlIi;

Wi' considerCe Id 1) V.e Z noIITCr ( 19 7 6) ill Co1lmeit inl Wi tl tOLS e'st. inlit ion ll i I -

gO'1aI I iI nes r mnodc I . phe r i calI Cauchy errors i 11 TSES es t. il mt (M i) I

Obtai ned f rom LX I) (,0U) Onl eV3aLuzt ing tile Cd f of ()1,i v,, '-

inlt Lrva Is , as,; Lgn ing the prilbab i [ it jes of thoe i lterIV:) I St0 to lie IeC ipr I0';Ia

of tihe ir midpoi nts , umt! then mix ing tile doubl I oneen t rau I C d i Ist r ihbiit inons

over thlese vatleS. As doub Ii ig tilie numnbe r o~f into rval II 11 I i t tie Io F feC( t

onl thle values of the :kf of the '151.S est iniator , thet Chlic0 oif 22 6 I n tt'rI-va

1,or tie' di;crctC ;lpproxinilt ion was (Iet'IIIC(I ;ldt'(Ilt c. TIlL' four tVIeS )I :,iX-

t Ores situd ic~d inl this sec tion are sumsi rizcd for cnvenience(' inl TalabI 3. 1

Se Iecct e d percent i les of t he dL is L r i I)0 t i on:s of th I S L~S cS t i 10 to r1-i- t 11e

given in Talahes '3.2 - 3.7 along with tile ntllar i'rangeC as" a) lIeaC;StLl

I ) f c oinlL2n t ratLi on . T'he range of paraine ters ic'itides 6 . (100, 30), 100(1,

WOW0, t ,- 10,1,51, and thie degrees of freed(Aomi Kt 1 3,10). Thevi VIlL'S



tabhulatedl by Aidkersoi ;ad Salwa (1979) for sjoiaIK; a -isirc

gi1 iLgwi thi our1 own iflij)LILjolls fr tht I hrcc coiltainjo itt Ion modlt;

Aiiit f r Siut 1) 11 L' I C I i : I It' e 'r ( I rs . FI I k mc,' i a1 i rI II tieL t'I i I ; 'I, 1. 11 i i it j

t-por Lted aip ci r to 0 it b t ~ Le A C I I r.'iLC i i 11 . 1, 1"'I i I I t, ie I iL I- rqI II r t. i I

111;1", ii 1\'b ovt' r c t zi t e'd liv ait 11 ntoitill L in i e . ing-1 e 00. 9 , 0. (2

1),evUeZal L tiCirctcsiLi S 0f the I S IS , S t i isI tc rWe~re tottlb.;\(I1 t

id Sii(1979) [Ii Lhe- case of ji d Ai- t ros.'heer Ik"ishi , jes

.mre exh it)it cdtiunder! t Ie aldd i t jut:'- 1 e 1 r i 5); I- bolt i i)1i5 CM)15ISd e r

C St e X CepJt W11011 1 0, the ICTS 1,S ca' t i Ili t ()r hai Is ! Iegat ly vcmed i -in b)i is.

l'is is nressWit ti aid Wi Iithe ICre Of Ifreedom, F., , bit t i t

dttrtt Wi t 11 . L teod the diSper Si1(1on t het TS IS c stiaoa

rrecisur-cd bY the i itOrquari-i It ralT~it dera ;U it and K., inecro ise, hilt

i t i nc.-IU as wit il Toge tlher th~ese two OhSe r''at ins impLy thlat as ,o r

K,) inc rease, thie TSLS estimator is more tighlt I conlcentrated, but about

VaJI les Iurtler rem-Ioved f rom the t rue Value 0 f thIe parameter . The samne

2
h striue for decreasjng, Values of i

lin the preceding section we noted that the on1lV ditfferenIce hctwevn

tiic, 015 and TSLS es t imators lie s in the d egrees of freeLdomn Of t lie douh Iv

11oacon~ltral F distribUt ion. In most practical ci rcumstances one would

txpecct the( numlber of degrees of Freedom for the IlLS est inatcir to be greatur

than that for thle IS LIS es tima tor . Fromi the foregoing discussion We Would

then eXPect the OLS estimator to have Hratrbas but smailler int,-rqua rt iLe

rainge titan tie 'ISIS estimator. Al titoir thlt' OhS eSt imatoc is nt: ,;tuidied here

numerically, our expectation agrees withi results found iiy Raj (1980) in a

Mo'nte Carlo stud), uitsng independent lognormial , uni forin, and( doubhe Cexpo-

nent ja errors.

Comparing properties of the TSLS o St itator tinder nonstandlard error

(h1'trihutions to those for Gaussian errors Ini Tables 3.2 -3.7, we note



that the medial ias for the nonstandard errors is never less thani th;t

for Gaussian errors. cismpa r isons of the intol'quI;1rtiie rin' es su,%g s t

that mixing aftects tocation of the derived distCtu tiion (if tht. TS,S

estimator to a gre;,ater extent than sca;Ile.
2

For large vaLue. of the parametcr ,, it is seen Lhat thL' t1 noral 1-

theory distribution is reasonahly robust agai n:st contaminated (;ij

errors of Types I and 3. Type 2 contamination and Cauchy errors vit, ld

distributions less resembling those for the standard case. From these

studies it appears that rather small departures from the standard G;aussian

assumptions are not crucial over a modestly wide range of the paramnetels

of the distributions.

t
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TABLE 2. 1. DistribUt ions of the standardized TSLS st imator id,.0 r ( ,) ;u;s ian error-
with S*/',.  = 1000, (b) Gaussian errors with 62/ 1 j0()O, and (C) [It i 1.atd GausSian
errors obtained as a mixture of (a) and (b) with proportions I-p ;md p, rptct ively,

for K, 3 degrees of freedom.

a 0 1
x (a) (b) (c) ((b) b) ((a) a) ',) (c

p=O. 50 p= 0 . . .. . . -p=(). 90

-3.00 0.0014 0.0014 0.0014 0.0009 0.0011 0.0010 0.000) 0.0009 0.0009

-2.00 0.0229 0.0228 0.0228 0.0202 0.0217 0.0213 0.0191 0.0212 0.0210

-1.00 0.1587 0.1587 0.1587 0.1664 0.1612 0.1620 0.1667 0.1623 0.1627

-0.20 0.4209 0.4210 0.4209 0.4383 0.4287 0.4311 0.4451 0.4317 0.4331

0.00 0.4997 0.4997 0.4997 0.5175 0.5077 0.5102 0.5245 0.3109 0.5123

0.20 0.5791 0.5790 0.5790 0.5960 0.5860 0.5890 0.6025 0.5809 0.5910

1.00 0.8413 0.8413 0.8413 0.8465 0.8436 0.8444 0).8485 0.8446 0.6450

2.00 0.9771 0.9772 0.9772 0.975(0 0.9762 0.9759 0.9742 0.9758 0.9757

3.00 0.9986 0.9986 0.9986 0.9979 0.9981 0.9982 0.9976 0.998& 0.9981



TABLE 3.1. Description of the scale mixtures of spherical Gaussian errors
studied numerically.

Type I)escr ipt ion

2 9
Type 1 P(T-=I) = 0.95 ; P(r-=l0) = 0.05

22Type 2 P = 1) = 0.5 ; P(T=10) = 0.5

Type 3 P(2= r+1) (5)(0. 05) r( 0 . 9 5 ) 15-r

r c {0,1, ... ,15}

Cauchy L(-2) = x2(1,0)



TAB1. 3.2. Selected percect ties; and range of tLI 'I'v TIesL i iat or under Gaus.sian a nd
various scale mixtures of (Gissian errors for K, 3 degrees of freedom, (x 0, and

EIRROR D STR I BUT IOtNs

QUANTITY Gaussian Type I 1 ype 2 Tv p 3 Cauchy

62 = 100

Med ian 0.00 0.00 0.00 0.0;) 0.00
Inte rquart t I e

Range 1 .34 1.34 1. 30 1 .34 1 .20

2.5 Percentile -1.98 -1.98 - 03 -1 .99 -1.96

97.5 Percentile 1.98 1.98 2.03 l.99 2.00

300

Median 0.00 0.00 0.00 0.00 0.00
Interquart ile

Range 1.35 1.35 1 . 34 1 .35 1.26

2.5 Percentile -1.97 -1.97 -1.98 -1.97 -1.96

97.5 Percentile 1.97 1.97 1.98 1.97 2.00

S;' = tO00

Median 0.00 0.00 . o.0 0.00
Intlrrquarti le

Range 1.33 1.35 1 .5 I .35 1 .30

2.5 Percentile -1.96 -1.96 -1.97 -1.90 -1.96

97.5 Percentile 1.96 1.9o 1.97 1.96 2.00

6," =  509,0

Median 0.00 0.00 0.00 0.00 (0.00
Interquartile

Range 1.35 1.35 1.35 1.35 1.34

2.5 Percentile -1.96 -1.96 -1 .90 -1.96 -1 .9t)

97.5 Percentile 1.96 1.96 1.96 1.96 1.99



TABLE 3.3. Selected percentiles and range of the TSLS estimator under Gaussian and
various scale mixtures of Gaussian errors for K2 = 3 degrees of freedom, = 1, and
various 62.

ERROR DISTRIBUTIONS

QUANTITY Gaussian Type 1 Type 2 Type 3 Cauchy

62 = 100

Median -0.14 -0.16 -0.28 -0.18 -0.26
Interquartile

Range 1.32 1.34 1.24 1.33 1.16

2.5 Percentile -1.84 -1.83 -1.80 -1.81 -1.82

97.5 Percentile 2.09 2.08 2.09 2.11 2.06

62 - 300

Median -0.08 -0.09 -0.17 -0.10 -0.20
Interquartile

Range 1.34 1.35 1.33 1.34 1.26

2.5 Percentile -1.89 -1.88 -1.82 -1.86 -1.84

97.5 Percentile 2.04 2.04 2.08 2.05 2.06

62 1 1000

Median -0.05 -0.05 -0.10 -0.06 -0.14
Interquartile

Range 1.35 1.36 1.35 1.35 1.31

2.5 Percentile -1.92 -1.92 -1.88 -1.91 -1.88

97.5 Percentile 2.00 2.00 2.04 2.01 2.04

62 5000

Median -0.02 -0.02 -0.04 -0.02 -0.08
Interquartile

Range 1.35 1.36 1.36 1.35 1.34

2.5 Percentile -1.94 -1.94 -1.92 -1.94 -1.92

97.5 Percentile 1.98 1.98 2.00 1.98 2.02



TABLE 3.4. Selected percentiles and range of the TSLS estimator under Gaussi;n and
various scale mixtures of Gaussian errors for K2  3 degrees of freedom, (1 5, and
various 62 .

ERROR DISTRIBUTIoNS

Q'ANTITY Causs.ian Type I Type 2 Type 3 Cauchy

62 = 100

Median -0.19 -0.22 -0.40 -0.25 -0.38
Interquart i le

Range 1.30 1.32 1 .17 1 .31 1. 12

2.5 Percentile -1.78 -1.76 -1.68 -1.74 -1.72

97.5 Percentile 2.13 2.11 2.07 2.14 2.04

62 = 300

Median -0.11 -0.12 -0.23 -0.14 -0.28
Interquartile

Range 1.33 1.34 1.30 1.34 1.25

2.5 Percentile -1.86 -1.84 -1.76 -1.82 -1.78

97.5 Percentile 2.06 2.06 2.10 2.08 2.06

62 = 1000

Median -0.06 -0.07 -0.13 -0.08 -0.20
IJTterquart ile

Range 1.33 1.35 1.35 1.36 1.32

2.5 Percentile -1.90 -1.90 -1.83 -1.88 -1.84

97.5 Percentile 2.02 2.02 2.06 2.03 2.06

62 = 5000

Median -0.03 -0.03 -0.06 -0.04 -0.10
lnter(Iuart ile

Range 1.35 1.35 1.35 1. 36 1.35

2.5 Percentile -1.94 -1.93 -1.90 -1.93 -1.88

97.5 Percentile 1.99 1.99 2.01 1.99 2.04



TABLE 3.5. Selected percent iles and range of the TISS est imator under Gauss ian and
various scale mixtures of Gaussian errors for K, 10 degrees of freedom, (t 0, and
various

ERROR 1)ISIRIBUTIONS

QUANTITY Gaussian Type I Type 2 Type 3 Cauchy

62 = 100

Median 0.00 0.00 ). 00) 0.00 0.00
Interquar tile

Range 1.29 1.28 1.13 1.26 1.02

2.5 Percentile -1.91 -1.90 -1.75 -1.88 -1.76

97.5 PercentiLe 1.91 1.90 1.75 1.88 1.78

62 = 300

Median 0.00 0.00 0.00 0.00 0.00
lnterquart il e

Range 1.33 1.33 1 .26 1. 32 1.14

2.5 Percentile -1.94 -1.94 -1 .88 -1.93 -1.84

97.5 Percentile 1.94 1.94 1.88 1.93 1.87

62 1000

Median 0.00 0.00 (0.00 O.0
Interquart i le

Range 1.34 1.34 1.32 1.34 1.24

2.. Percentile -1.96 -1.95 -1.93 -1.95 -1.90

97.5 Percentile 1.96 1.95 1.93 1.95 1.92

62 = 5000

Median 0.00 0.00 0.00 (0.00 0.00
Interquarti le

Range 1.35 1.35 1 .35 1.35 1.30

2.5 Percentile -1.96 -1.96 -1.96 -1.96 -1.93

97.5 Percentile 1.96 1.96 1.96 1.96 1.96



TABLE 3.6. Selected percentiles and range of the TSIS onstim tor under Gaussian and
various s~ale mixtures of Gaussian errors for K, = 10 degrees of freedom, (L = 1, and
various &.

ERROR DlISTRIBUTIONS

QUANT I TY Gauss ian Type 1 Type 2 Type 3 Cauchy

= 100

"edian -0.59 -0.62 -0.89 -0*.72 -0.71

Interquart ile
Range 1.22 1.22 1.04 1.17 1.03

2.5 I'krcentile -2.19 -2.19 - 1.2( -2.21 -2. 14

97.5 Percentile 1 .44 1.41 .l0 1.27 1.26

30)

Median -0.36 -0.39 -0 .nO -0.46 -0.58
Interquarti Le

Range 1.30 1.31 1.23 1 .29 1 .17

2.5 Percentile -2.12 -2.13 -2.20 -2. 15 -2.13

97.5 Percentile 1.69 1.67 1.42 1.60 1.52

62 = 1000

Median -0.20 -0.22 -0.40 -0.26 -).42
nt erquart ile

Range 1 . 33 1.34 1 .32 1 . 34 1 . 30

2.5 Percentile -2.06 -2.07 -2.13 -2.08 -2.10

97.3 Percentile 1.83 1.82 1.67 1.78 1.71

62 5000

Median -0.09 -0.19 -0.12 -0.26

Lnterquart ile
Range 1.35 1.35 1.35 1 . 35 1.36

2.5 Percentile -2.01 -2.02 -2.05 -2.02 -2.06

97.5 Percentile 1.91 1.90 1.84 1.88 1.85



TABLE 3.7. Selected percentiles and range of the ''SLS estimator under Gauss i ln and
various scale mixtures of GauSsian errors for K, = 10 degrees of freedom, t 5 and
vlrious 52

E'RROR ) ISTR 1' Pi ' IONS

2UANT I TY Gauss ian Type I hype 2 Ty, pe 3 Cauchy

52 =100

Median -0.82 -0.86 -1.2 -1. 00 -1.02
Inturquart lIe

Range 1.15 1.16 0.92 1.08 1.05

2.5 Percentile -2.24 -2.24 -2.25 -2.26 -2.20

97.5 Percentile 1.19 1.16 ().82 0.97 1.04

= 300

Median -0.50 -0.54 -0.94 -0.62 -0.83
Interquart i le

Range 1.28 1.30 1.20 1.26 1.22

2.5 Percentile -'2.17 -2.18 -2.24 -2.20 -2.18

97.5 Percentile 1.58 1.55 1.26 1.44 1.40

52 = 1000

Median -0.28 -0.32 -0.56 -0.36 -0.58
Interquart ile

Range 1.33 1.34 1.32 1.32 1.36

2.5 Percentile -2.09 -2.10 -2.18 -2.12 -2.16

97.5 Percentile 1.77 1.76 1.56 1.71 1.63

62 5000

Median -0.13 -0.14 -0.26 -0.16 -0.34
Interquartile

Range 1.34 1.35 1 .35 1 .34 1.42

2.5 Percentile -2.03 -2.03 -2.09 -2.04 -2.10

97.5 Percentile 1.88 1.88 1.80 1.86 1.81
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